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WITHNUMERICAL
OF 0.7
Thereciprocalequationsrelatingtheliftandmomentactingonan
airfoilduet;hsrmoti-coscillationsin compressibleflowtothe-indicial
liftandmomentfunctionsfora pitchingairfoilaredetermhed.Two
indicialfunctionsarerequiredto describecompletelytheliftor
momentontheairfoil;onefunctionis“usedfor@scribingtheeffects
duetotheangularpositionoftheairfoilwhereasthesecondfunction
isusedfordescribingtheeffectsduetopitchingvelocity.
Calculationsfortheindicialiftandmoment”functionsaremade
fora pitchingairfoilata Machnumberof0.7forwhichsufficient
oscillatorycoefficientswereavailable.Thegrowthofliftto the
steady-statevalueis-lessrapidforcompressibleflowthanforincom-
pressibleflowforbothindicislfunctionsofthepitchingairfoil.
Althoughthecirculatoryliftduetopitchingveloci~on anairfoil
rotatingaboutitsthree-qusrter-chordp intisnonexistenta a Mach
numberof O, fora Machnumberof 0.7 a time-dependentliftexists
becauseofpitchingvelocityandapproacheszeroinapproximately
2 chords.
INTRODUCTION
In thestudyoftransientflows,twotypesofairfoilmotionshave
specialsignificance- a harmDnicaJJyoscillatingafioilandan air-
foilexp&iencinga suddenchangeinangleof attack.Thereciprocal
relationsbemeentheindicialiftandtheliftassociatedwitha
harmonicallyoscillatingairfoilforbothsinkingandpitchingmotion
sregiveninreference1 forincompressibleflow.Inreference2 the
reciprocalrelationswereextendedtoapplytoan airfoilsuddenly
acquiringa verticalvelocityina subsonicompressibleflow,ahdthe
—..— ..——....——— --——--— -—-
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“’
indicisliftandmomentfunctionswereevaluatedfora Machnumber, (
of0.7. Thepresentpaperisanextensionofreference2 inthatthe I
indicialiftandmomentfunctionsfora pi.t@ingairfoilme determined.
“
,
Thereciprocalequationsforthecaseofa pitchingairfoilareindi- 1
cated,andtheindicialiftandmomentfunctionsarecomputedfora 1
Machnumberof0.7.
In a recentpaperby LmaxjHeaslet,andSluder(reference3),a (
differentmethodfordeterminingtheindicialiftandmomentfunctions I
isgiven.Althoughpartsoftheindicialfunctionscanbe determined
readily,thesolutionforthecompleteindicialfunctionsislengthy I
andte~ous,and,consequently,nwnericalresultsSre@Ven Onl.YfOra
Machnumberof0.8inreference3. Psrtofthesolutionpresentedherein
fora Machnumberof0.7,however,wasdeterminedlythemethodinrefer-
ence3 andwascomparedwiththesolutiondeterminedinthispaper.
SYMBOLS
s
m
v
c
x,z
k
L(s)
Lq(S)
M(s)
distancetraveled,half-chords
angularfrequency
forwardveloci@ofairfoil
chord
Cartesiancoordinates
reduced-frequencypsmmeter (mc/2v)
liftperunitlengthof span,positivein downward\ direction
liftperunitlengthof spanduetopitchingvelocity,
positiveindownwardirection
momentperunitlengthof spanaboutqusrter-chord
point,positivewhenmomenttendsto depress
trailingedge
.
I
I
Mq(S)
P
momentperunitlengthof spanduetopitchingvelocity
aboutthecparter-chordpoint,positivewhenmoment
tendstodepresstrailingedge
density
,,
,
.
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r
w
h
e
normalcomponentofperturbationvelocity
amplitudeofverticalMisplacementof airfo:l,half-
chords
angleofpitch,.yositivewhentrailingedgeislower
thanleadingedge
rateof changeofpitchofairfoilwithrespecto
distancetraveledinhalf-chords,positivewhen
trailingedgeisfallingwithreferenceto leading
edge (Oc/2V)
indicialiftfunctionforan airfoilexperiencinga
suddenchangeinvertical~elocity
ml(s) indicislmomentfunctionforan airfoilexperiencing
a suddenchangeinverticalveloci@wheremoment
istakenaboutquarter-chordposition
klq(s) indicialiftfunctionforan airfoilexperiencinga
suddenchangeinpitchingvelocityaboutits
leadingedge
mlq(s) indicialmomentfunctionforan airfoilexperiencing
a suddenchangeinpitchingvelocityaboutits
leadingedge
Fe(k)+ iGc(k) coefficientof complexccmipressibleoscillatorylift
derivative
. .
M(k)+ iN(k) coefficientof complexcompressibleoscillatory
momentderivativewheremomentistakenabout
quarter-chordpoint
Fcq(k)+ iGcq(k)coefficientof complexcompressibleoscillatorylift
derivativedueto pitchingvelocityonly
Mq(Jd+Nq(k) coefficientof complexcompressibleoscillatorymoment
derivativeduetopitchingvelocityonly
f(k)=Fc(k)-Fc(rn)
m(k)=M(k) -M(oJ)-
fq(k)=Fcq(k)-Fcq(w)
mq(k)=Mq(k)- Mq(m)
—-. .. . - . . . — —.— .... ..— -...——— , _ . .-—.—.——_ .—..—— —. ———--- -- —- — - -— -
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in-phaseandout-of-phaseliftcoefficients,
respectively,associatedwithtranslationfairfoil
in-phaseandout-of-phasemomentcoefficients,
respectively,aboutquarter-chordpointassociated
withtranslationfairfoil
in-phaseandout-of-phaseliftcoefficients
respectively,associatedwithpitchingmotionof .
airfoilaboutitsleadingedge
in-phaseandout-of-phasemomentcoefficients,
respectively,shoutquarter-chordpointassociated
with~itchingmotionofairfoilaboutitsleading
edge
ME?I’HODOFANALYSIS
Considertheperturbationvelocitiesona two-dimensionalwing
(seethefollowingsketch)forthecaseof combinedvertical.motionand
pitchingmotion.Forconveniencethereferenceaxisistakenasthe
leading.edgeand z and 19 sreusedto describe,respectively,the
verticalandangularpositioboftheairfoil.
I ~x
Theperturbation
downward)maybe
*
z
velocity(w measuredpositiveupward,z positive
expressedas
W(x,t)= -(ve+ ; + X6)
motiononly,thenIftheairfoilisconsideredtohavevertical
theperturbationvelocitywillbe uniformacrossthechordandwillbe
of intensi~ ;. Ifthecaseofan airfoilpitchingaboutitsleading
edgeis considered,however,theperturbationvelocitywillbe composed
oftwoparts:a uniformpartofintensi@.Ve anda linearlyvsrying
— ——- — –———— ——
/
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partof intensityx;. Whenthelift’onan airfoilhavingarbitrary
motionsisdetermined,therefore,theseobservationsmeanthatonlytwo
typesofperturbationvelocitieshavetobe considered:a uniformdis-
tributionwhichapplieseithertoverticalmotionorto angularposition
‘aloneanda linearlyvsryingdistri~utionwhichappliesto angular
veloci~oftheairfoil.
Whenunitstepmotionsoftheairfoilareconsidered,it shouldbe
apparenthatoneindicialfunctionis sufficientto definethelift
onan airfoilstiddenlyacquiringa verticalveloci~,sinceonlythe
uniformperturbationveloci~isinvolved.Forthecaseofa pitching
airfoil,however,twoindicialfunctionsarerequired:onecorresponding
totheuniformperturbationveloci~associatedwithangularposition
andtheothercorrespondingtothelinearvsriationwhichisassociated
withangularvelocity.
Theliftonanairfoilsuddenlyacquiringa verticalvelocimis
generallygivenintermsofan indicialiftfunctionkl(s)bymeans
oftheequation
L(s)= -fiPcV2~kl(s)
where
(la)
Thisequation~y bemadetoapplyto anairfoilsuddenlyacquiringan
angulsrposition,becauseofthesimilarityhatexistsbetweentheper-
turbationvelocitiesforthecaseofverticalmotionandforthecaseof
angularpositionalone.Theliftsforthesetwocasesthereforewill
be equaliftheintensitiesofperturbationvelocityareequal,thatis,
if ; =Ve. Withthisconditionandequation(la),thelifton anair-
foilfollowiriga suddenchangeinangulsrpositionis
L(s)= -wcV20kl(s) (lb)
Forthepitchingcasethen,theonlyindicialiftfunctionthatremains
tobe determinedisthefunctionassociatedwithpitching-velocityof
theairfoil.Theequationforliftfollowinga suddenchangeinangular
velocity13jwtirethisangularveloci~is,forconvenience,taken
aboutthel;adingedge,maybe writtensimilsrto equation(la)or
(lb)
Lq(s)= -2fiPc#qklq(s)
- - - ,— - -- -
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where q = ~ ~ and ~q(s) istheindlcialiftfunctionassociated
witha suddenacquisitionfan angularveloci~abouttheleadingedge.
Theindicialiftandmomentfunctionsduetopitctingveloci~ .
canbe determinedwiththeaidoftheappropriater ciprocalequations
andfluttercoefficientsina mannersimilartothatshownforthe
sinkingairfoilinreference2. Theavailablevaluesfortheliftand
momentontheoscillatingairfoilforpitchingmotionat subsonicMach
numbers,however,havebeenobtainednumericallyonlyforthetotallift
andmoment;thatis,thecomponentsdue%0angulupositionandpitching
veloci~havenotbeenseparated.Fortunately,thecomponentdueto
angularpositionmaybe subtractedoutof’thetotaloscillatory”coeffi-
cientsbecauseofthesimilari~thatexistsbetweentheliftona
sinkingairfoilandthecomponentofliftassociatedwithangularposi-
tionof a pitchingairfoil.Theavailabledataforanairfoiloscil-
latingharmonicallyinverticalmotionthereforeareusedinthereduc-
tionofthedataforan airfoiloscillatinginpitchto givethelift
andmomentassociatedwithoscillatorypitchingvelocityalone.These
datacanthenbeusedto determinetheindicialfunctionsassociated
withpitchingveloci~.
.
Reciproc~Equations
Thereciprocalrelationsgivenby equations(8a)and(8b)inrefer-
ence2 betweenthecompressibleifton anairfoildueto harmonic
oscillationsandtheindicialifton an airfoilexperiencinga change
inangleof attackdueto a suddenacquisitionfverticalvelocityare
asfollows:
and
kl(s)=
whereFe(k) and
out-of-phaselift
by thefollowing
J m Fc(k)sinkskl(s)=: k dk (s> o) (2a)o
Jw Gc(k)cosksFC(0)+: k dk (s>0)o (2b)
Gc(k) arerelated,respectively,to thein-phaseand
componentsonanoscillatingairfoilandsredefined
equation:
L(s)”=-fipcV2eih [ 1(-ikh)Fc(lk)+iGc(k) (3)
.
.
———— --
.. -—- —
,NACATN 2613 7“
Forthecaseofa pitchingairfoilthecomponentofliftassociated
withangularpositionanditscorrespondingindicialiftfunctionare
givenby equations(2)and(3),wheretheterm
-ikh= e (4)
a relationshipwhichfollowsfromthefactthattheperturbationveloci-
tiesforverticalmotionareequalto thevelocitiesdueto angular
positionalonewhen ~ = VO.
Intheinterpretationoftheexpressionforliftgivenby equa-
tion(3),it shouldbe notedthattheexpressionforthemotionofthe
airfoilis incomplexform.If,forexample,theactualangularposi-
tionoftheairfoilisdenoted~y
I.P.@ems
thentheliftis
[
I P.~fipcV2(3eihF (k). c
or
1+iGc(k)
.
[
-YtPCV%Fc(k)2+ Gc(k)
jl/2 [
sinks + tan-1 Gc(k)1FJ-iFJ
Thus,theliftand-theangulardisplacement~ve thesamefrequencyand
boththeirmagnitudeandphasearefunctionsof k.
Thereciprocalequationsforthecomponentofliftduetopitching
velocitymaybe expressedintermsof-aharmonicallyoscillatingairfoil
andtheindicialiftfunctiondueto a suddenchange
velocityklq(s)asfollows:
J‘Fcq(k) sin ksklq(s)=; k dk
o
and
Jm Gcq{k)COS kskl (s)=Fcq(0)+= k dk
~ o
inpitching
(s >0) (5a)
(s>0) (m)
- .... . —---- . --—.
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where Fcq(k)and Gcq(k)arerelated,respectively,to thein-phase
andout-of-phaseliftcomponentson anoscillatingairfoildueto
pitchingvelocityabouttheleadingedgeandaredefinedby theequation
[ 1Lq(s)= -fipcV2eiks(2ikf3)Fe.(k)+ iGcq(k)
Inequations(Sa)and(z) thefunctionsFcq(k)and Gcq(k)/kmust
be continuousandfiniteintheintervalfrom k = O to k = m.
Theavailabledataforevaluating
and Gcq(k)functionbhavebeengiven
theworkofPossio.Oneforminwhich
putisas follows:
Translatormotion:
(6)
the Fe(k),Gc(k),Fcq(k),
invariousforms,beginningwith
alloftheavailable@atacanbe
L(s)= fipc~eib:(Z1+ iZ2) (7a)
(m)
Pitchingmotion(includingcontributionduetopitchingvelocity):
L(s)= -ITPCVe2 ‘kse(z3 +iz4) (8a)
I
M(s)= -1’@C%2eikse M3 +iM4)( (8b)
where-themomentistakenaboutthequarter-chordpointandtheaxisof
rotationfortheharmonicallypitchingairfoilislocatedattheleading
edge.
In ordertomakeuse”ofthereciprocalequations(5a)and(~) to
determinetheindlcialiftfunctionduetopitchingvelocityklq(s),
thecomponentofthefluttercoefficientsduetopitchingveloci~must
firstbe separatedfromthefluttercoefficientsgivenbyequations(8a)
and(8b)andthenconvertedtothefornigivenby equation(6). Ifthe
expressionfor h determinedlyequation(4)issubstitutedinto
equation(7a)andiftheresultingexpressionis subtractedfromequa-
tion(8a),thefollowingexpressionfortheliftcanbe obtainedforthe
componentduetopitchingveloci~on a harmonicallyoscillatingairfoil:
-.
—— ——————-
_— . . . . -—— - —.-.
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[
Z2 ‘ Z1
Lq(s)= ~wcV2eikse Z
3 (1
-m+iz4+=
Comparisonofequations(6)and
forthefunctionsFcq(k)and
coefficientsZl, Z2, Z3,and
(9) leadp to thefollowingexpressions
Gcq(k)intermsoftheoscillatory
Z4:
(9) -
Fc (k)= ()
‘1
&z4+2%q
and
.( )‘2Gcq(k)=-~Z3’-=
(lOa)
.
(lob)
Substitutionf equations(10)intoequ&tions(5)thenallows,forthe
determinationoftheindicialfunctionklq(s)forpitchingvelocity.
Theprocedureshownfordetermining’theindicialiftfunctiondue
topitchingvelocityfromtheoscillatorycoefficientsmaybe appliedI
)’ to determinetheindicialmomentfunctionduetopitchingvelocitymla(s)
definedasfollows:
1 M(s)= 2fiPc%2!lP~(s) (11)\ q
where q isthemagnitudeofthepitchingvelocity.Thereciprocal“
equationscanbewrittenforthemomentintermsoftheoscillatory
coefficientsandtheindicialmomentfunctionmlq(s)as follows:
,-
Jm Mq(k)sinksmlq(s)=“% k dk (s> o)o
and
,]
‘lVq(k)COS ks
mlq(s)=Mq(0)+ ~ k dk (s>0)o
(12a)
(12b)
whereMq(k) and Nq(k) are,respectively,thein-phaseandout-of-
phasemomentcoefficientsonan oscillatingairfoilduetotheangular
pitchingvelocityabouttheleadingedgeandaredefinedby theeqpation
,.— r.. —---- .- —..—... — ..-— .—-—.— -...-...---- ~ .—-.— -..—— ..— -—-----...-__ . .- -
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In
be
[ 1Mq(s)= @c2V2eih(2il@)Mq(k)+ iNq(k) (13)
equations(12a)and(12b) thefunctions Mq(k) and Nq(k)/kmust
continuousandfiniteintheintervslfrom.k= O to k . m.
In a mann= similarto thatshownfortheliftcase,expressions
for Mq(k) and I?q(k)maybe obtainedintermsoftheoscillatory
coefficientsMl> ~j
‘3J and M4 “asfollows:
() MlMq(k)=-&#4+~
and
(lka)
(14b)
SummsryofAvailableFlutterCoefficientsandRelated
Datafora MachNumberof0.7
Thetwo-dimensionalcompressiblefluttercoefficientsforthereal
andimaginarypartsoftheliftandmomentforsinkingandpitching
motionaregivenintableI fora Machnumberof0.7. Theresultsgiven
intableI weretakenfromthreesources(references4 to 6)andhave
beenconvertedtotheformgivenbyequations(7)and(8)forthelift
andmoment.Therangeofr,educedfrequenciestakenfromeachsourceis
indicatedintableI.
ExpressionsfortheendpointsFC(0) and Fe(@) canbedeter-
minedindependentlyofthefluttercoefficients.Thevalueof FC(0)
whichrepresentsthesteady-stateliftis determinedby theFrandtl-
.
Glauertfactor
e
(whereM referstotheMachnumberofthe
M2
freestream).Thevalueof F=(co)whichwasshowninreference2 to
correspondtothevalueof kl(s) at s =0 canbe determinedby the
followingequationgiveninreference2 foranyMachnumber:
Fc(aJ)= -& (15) ‘
r.
_ ——... — .— . .
..——
-.
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.
ThecorrespondingexpressionforthemomentM(~) is notedinrefer-
ence2 as
‘M(m) .-~ (16)
Forthecaseofa pitchingairfoiltheexpressionfortheendpoints
forthe Fcq(k)and Mq(k) functionsmaybe obtainedin a mannersimilsr
tothatsho& forthecaseof sinkingairfoil.Foranairfoilexper-
iencinga suddenchangeinpitchingvelocityaboutitsleadingedge, .
thesteady-statevalueofthe klq(s)function(whichcanbe shownto
correspondto Fcq(0))canbe determinedfrom-incompressibleflow
togetherwitha ccmrectiongiyenby thePrandtl-Glauertfactor.Fromthe
workofeitherTheodorsenorWagner(reference8 or9) theincompres-
siblesteady-statevaluecanbe determined,and,togetherwiththe
lZrandtl-Glauertfac or,theresultingexpressionfor Fcq(0)for
subsonicflowisas follQws:
Similarly,forthemomenttheexpressionfor Mq(0) is
Mq(0)=mlq(m)‘-~ -M
+
(17)
(18)
Thevaluesfor Fcq(m)and Mq(m) maybe obtainedfromthest=ti~
valuesofthe klq~s)and mlq(s)functions,respectively.Thesame
methodof analysisforobtainingthestartingvaluesofthe kl(s)
and ml(s) functionsgiveninreference9 fora sinkingairfoilcanbe
appliedtothecaseofa pitchingairfoilto obtainthestartingvalues
forthe klq(s)and mlq(s)functionsifa substitutionftheboundary
conditionsduetopitchingvelocityismadeinlieuof sinkingvelocity
asindicatedby equation(l). If theperturbationveloci-%ycomponent
duetoa suddenchangeinpitchingvelocityissubstitutedforthe
perturbationvelocitydueto sinkfngmotionintheanalysisgivenin
reference9 fordetermining.kl(s) and ml(s) at s = 0,t~ fo~o~ng
expressionssreobtainedforthestartingvaluesofthe klq(s)and
mlq(s)functions .
klq(0)=-& (19)
----- . . .. . .
. ... . . — ——— .—— . -.-——
. . —.. — — .-—. .———. -. — -
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(20)
Thevaluesof klq(0)and mlq(0),however,correspond,respectively,
tothevaluesofthefluttercoefficientsFcq(k)and Mq(k) at /
infinitefrequency.Theptiofforthiscorrespondenceisidenticalto
theoneshownforthesinkingairfoilgiveninappendixA ofrefer-
ence2. Thusequations(19)and(20)denote,respectively;thevalues
of Fcq(m)and Mq(m)
and
Numerical.
Mq(w)._~+
RESULTSANDDISCUSSION
Solutionof theReciprocal
.
Equations
(21)
(22)
fora MachNu@er of0.7
As notedinreference2, theindicialiftfidmomentfunctions
determinedby thereciprocal-equationsc tainingthein-phaseliftor
momentfunctions(Fe(k)or M(k))provideda morereliableandsimpler
solutionthanthefunctionsdeterminedby thereciprocalequationscon-
tainingtheout-of-phasecomponents(Gc(k)and N(k)).Consequently,
theindicialiftandmomentfunctionsforthepitching-veloci@case
weredeterminednumericallyb usingequations(5a)and(12a)ina man-
nersimilartothatshownforthecaseof thesinkingairfoil.
In figure1 a plotis shownofthecomplexoscillatoryliftfunc-
tionsduetopitchingvelocityata Machnumbe~of0.7whichwere
evaluatedfromthefluttercoefficientsby useof equations(lOa)and
(lOb}.If
\
fq(k)=~cq(k)-Fcq(m) (23)
,.
\
—. ___ ._—— -- — - ——
—. —- .— ..—
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is substittitedintoequation(5a)jthefollowingformwhichcanbe
evaluatedgraphicallymorereadilyisobtained:
, I
l’‘f” (k)SiIlks:lJS) = Fcq(w)+: k dk
.
(24)
A plotof thefunctionfq(k) is showninfigure2. Theintegrandin
equation(24)wasgraphicallyevaluatedforseveralvaluesof me parame-
ter s. .Infigure3,plotsof theindicialiftfunctionklq(s)are
shownforMachnumbersof0.7andO. ‘me indicialiftfunctionkl(s)
duetoangularpositionalone(correspondingto thecaseofa sinking .
airfoil)isplottedinfigure~as determinedfromreference2 fora
Machnumberof0.7. Alsoshowninthisfigurearethebeginningposi-
tionof thecurvefora Machnumberof0.7asdeterminedlytheequa-
tionsgiveninreference3,thecurvefora MachnumberO<0.8given
inreference3,andthecurvefora Machnumberof O. Comparisonof
the kl(s),and klq(s)functionsatMachnumbersofO andO.7indi-
catesthatthegrowthoflifttothesteadystatefora pitchingairfoil
is lessrapidinsubsonicompressibleflowthanforincompressibleflow.
Theindicialmomentfunctionmlq(s)dueto a suddenchangein
pitchingvelocitymaybe obtainedina mannersimilartothatshown -
fordeterminingtheindicial.iftfunctionklq(s)l In figure5,plots
areshownof thecomplexmomentfunctionduetopitchingvelocityfora
Machnumberof0.7determinedfromthefluttercoefficientsMl, M2,
M3,and M4 by equations(14).Theasymptoticvaluefor Mq(k) is “
determinedlyequation(22).Becauseof thenatureof thecurvesat
thehigherreducedfrequencies,thecurvesarerepresentedby dashed
linesto indicatea degreeofunreliabili~.Reference2,ho~~er,
indicatesthaterrorsinthecurvesatthehigherreducedfrequencies
wouldhavelittle ffectontheindicialfunction.
In a mannersimilartothatshownfortheliftcase,the Mq(k)
functionwastransfomnedby thefollowingequation
mq(k)=Mq(k)- Mq(m) (25)
inordertofacilitatethenumericaldeterminationoftheindicial
momentfunctioQmlq(s). A plotof mq(k) is showninfigure6. The
functionmlq(s)wasevaluatedgraphicallyb substitutionf equa-
tion(25)intoequation(12a)forseveralvaluesoftheparametersand
isplottedinfigure7 togetherwiththesolutionfora Machnumber ‘
of o. In figure8 a plotofthe-indicialmomentfunctiondueto
. . “— - - -- ——.- ---- --—-— ,-—----- -
- —— ..- .—-—-— — -— —— .--— — ------ -- ---- --- - --- -
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(nopitchingvelocity)ml(s) isshownforMach
determined,respectively,fromreferences2
and3 togetherwiththesolutionfora Machnumberof O.
References8 and9 showthattheindicialiftduetopitching
velocityon anairfoilpitchingaboutitsthree-quarter-chordp sition
isimpulsiveat s = O andiszerothereafterforincompressibleflow.”
Forcompressibleflowtheindicialift,however,is initiallyfinite
andistti-dependentthereafter,as is shownsubsequently.Whenthe
resultspresentedinfigures3, 4,7,and8 areused,theindicialift
andmomentfunctionsduetopitchingvelocityforan airfoilpitching“
aboutanyaxiscanbe obtainedreadilyby thefollowinggeneraltrans-
formations: .
()k~qx(s)=k~q(s)-~k~(s) (26a)
and
()m~qx(s)=m~q(s)-~ml(s) (26b)
where x denotesthelocationofthesxisof rotationmeasuredposi-
tivelytotherightfromtheleadingedgeoftheairfoil(seesketchin
sectionentitled“MethodofAnalysis”).Forthecaseofan airfoil
pitchingaboutitsthree-quarter-chordl cation,equations(26a)and
(26b)become
.’
() –k (S)kl 3C(S) – lq
‘T
3~ kl( S)
and
Hml (s)= mlq(s)-j ml(s)q 3C
T
(27’s)
(27%)
Thefunctions()kl~ 3C(J ~d ml()
q 3C(S)weredeterminedfora
T T
Machnumberof0.7fromequations(27a)and(27%)andfromtheresults
()
plottedinfigures3, 4,7, and8. Plotsofthefunctionsklq 3$s)
.T
—- .
..—. —— —-
. ..— .—— -
,,
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.
~ 3C(s) are shbwninfigures9 and10,respectively,together
0
and ml
T
withthe”indicialfunctionsforthecasefora MachnumberofO.
Alsoincludedinthesefigpresarethesolutionsfora Machnumber
of0.8andpartof,thesolutionfora Machnumberof0.7,bothdeter-
minedfromreference3. A comparisonofthe
()
kl~ 3C(s) functionfor
T
subsonicompressibleandincompressibleflowindicatesthat,although
thisfunctionis impulsiveat s = O andzerofor s >0 forincom-
pressibleflow,thefunctionisfinite-ats = O anddecaysto zero
veryrapidlyinthecompressiblecase.If forcompressibleflowthe
circulationisassumedtobe zerofor s >0 (asisthecaseforthis
componentat M = O),thetime-dependentfunctionwhichispresentin
compressibleflowmaybe attributedto thetime-dependentapparent-mass
effects.Also,thepart-ofthe klq(s)functionshowninfigure4
for s greaterthanapproximately4 maybe associatedonlywiththe
liftdueto circulation..Comparisonof thispartofthecurvewiththe
curvefora MachnumberofO intheregions > 4 indicatesthatthe
growthof liftto thesteadystate@ relativelylessrapidforcom-
pressibleflowthanforincompressibleflow.
Since
andithas
ApproximationfIndicialLiftandMomentFunctions
byAnalyticExpressions
theexponentialfunctionhasa simpleoperationalequivalent
beenfoUndconvenientto approxhatethe kl(s) functionat
a MachnumberofO (seereference10),a limite~seriesof suchfunc-
tionswerechosento approximateheindicialiftandmomentfunctions
forsinkingandpitchingmotionata Machnumberof 0.7. Thefunctions
werefoundtofitthesecurvesquitewellandare:
kl(s)= 1.4(1 - 0. 36ke-0.0536s O.405e-0. 357s )-0.902s+ 0.419e (28)
()kl (s)= -0.083e-0”800s- 0.293e-1.563s + O.i49e-2.4ks (29)q 3C
T“”
-0. 974sml(s) = -0.2425e + o.@&.66$s - o.069e-o.438s (30)
.
...-. ----- --
.—. .-— ——. ..—-—
—.—. .. . ... . . -- - ——
116 NACATN 2613
()~ SC(S) = -0:0875(1 + 0.1141e-0”1865s - -1.141s )-4.04sml 1.2~3e ~ + 0.3337e
T
(31)
These,anal@icapproximationsgivenby equations(28),(29),(30);
and(31)areplottedinfigures4,9,8, and10,respectively.Com-
parisonoftheapproximationwiththeactualcurvesinthesefigures
indicatestheorderofgoodagreementreached.
Thecorrespondingapproximateexpressionsfortheharmonically
oscillatingairfoilcanbe foundfromthereciprocalformofequa-
tions(2)and(5)wheretheharmonicallyoscillatingfunctionsare
expressedintermsoftheircorrespondingindicialfunction.Forthe
caseof thesinkingairfoi-1~thereciprocalformof equation(2)is
Jco -iksFe(k)+ iGc(k]= U “kl(s)e dso (32) ~
If ik isconsideredastheoperatorintheLaplacetransformation,.
thenequation(32)is simplyik timestheLaplacetransformation
of kl(s).ThereforeFe(k) and Gc(k) are,respectively,thereal
andimaginarypartsof ik timestheLaplacetransformof kl(s).
Substitutionf equation(!28)intoequation(32)leadstothefollowing
expressions
f
Fe(k)= 1.4
for Fe(k) and Gc(k):- “-- —
O.364# o. 405k2 o.419k21]1-(OJ0536)2+#- (0.357)2+#+(0.902)2+#
[
Gc(k)= 1.4- (o.364)(o.05;6)k - (0. h05)(0.357)k
(0.0536)2 + k2 (0.357)2 + k2
} (33)J+(0.419)(0.902)k(0.902)2 + k2
.
I
I
In a mannersimilarto thatshownforthel~t case,thefollowing
approximateexpressionsfor M(k) and N(k) canbe obtained:
,
.
.
,
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,.
M(k)=
N(k)=
-O.2425k2 O.084k2 O.069k2
(0.974)2 + k2 ‘(0.668) 2+k2\- (0.438)2+k2
1
}J(-0.2425)(0.974)k+(o.084)(o.668)k_ (o.069)(o.438)k(0.974)2 + k2 (0.668)2 + k2 (0.438)2 + k2
.()Theexpressionsforthe Fc ()~ ~c(k).and Gc~ s=(k) liftfunctions
T zduetopitchingvelocityare
(34)
HGcq3c(k) = ‘-0”083)(0”800)k _ (o.293)(l;565)k(0.800)2 + k2 (1.565)2 + k2
z
()~3c(k)= ‘0”@3k2 2Fc 0.149k2(0.800)2+k2 - (&;3+k2 + (2.44)2+k2
T
1) (35)J+(0.149)(2.44)k(2.44)2+ k2
andtheexpressionsforthe
() ()Mqa(k) and Nq Se(k)momentfunctions
4 T
are
()Mq3c(k)= -0.087$
Jr
1+ 0. 114ur2 1.233k2 o.3337k2
(0.1865)2+k2 - (1.141) 2+k2+~
HNq3c(k)=-0.0875 [(0.l141)(o.1865)k (1.233)(1.141)k(0.1865)2 + k2 ‘- (1.141)2 + k2
r
1‘(0.3337)(4.04)k(4.04)2 + k2
.,.
+
. .. .. . -.. — —:.—._________ .
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CONCLUDINGREMARKS
Theindicialiftandmomentfunctionsduetoa suddenchangein
pitchingvelocityhavebeenobtainedfromtheavailabledataona
harmonicallypitchingairfoilata Machnumberof 0.7by theuseof
reciprocalrelations.Comparisonoftheresultsobtainedforthecase
of a Machnumberof 0.7withincompressibleflowindicatesthatthe
growthof lifttothestea~ stateappearstobe lessrapidforcom-
pressiblefloythanforincompressibleflowfora pitchingairfoil.
Althoughthecirculatoryliftcomponentduetopitchingvelocityfor
an airfoilrotatingaboutitsthree-quarter-chordp intwaszerofor
incompressibleflow,a the-dependentcomponentof liftwasfoundto
existforcompressibleflowanddecayedtoa negligiblevaluein
approximately2 chords.
LangleyAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics
LangleyField,Vs.,October30,1951
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TABLE I
KDT ANDMOMENT OSCULATORY COBFFICIENIWFOR SINKCNG IWO
PITCHING MWION ATA MACHNUMBEROF0.7
Z3Reference k
o
.02
.04
.06
.08
.10
.20
.30
640
.50
.60
.70
Z1
o
.00711
.02006
.03399
.04722
.0589
.0945
.0991
.0827
.0538
.0187
-.0154
-.0449
-.0874
-,39295
-.6521
-.6083
Z2
o
.05177
.09~24
.1324
.1651
.1941
.3186
,4332
.5523
.am
.8229
.9751
1.1316
1.4482
2.3u
3.306
4.241
Z4 % M3 M4
o
.o1ooo2
.019s32
.028182
.0367!23
.045114
..086%1
.12953
.17341
.2242
.27’498
.32692
,37005
.45875
.58628
.735@3
.93504
1.4003
1.2985
1.2059
1.1304
1.0698
1,0216
.8869
.8364
.8m
.8239
.8399
.8669
0
-.13891
-.17914
-.18304
-.17r28
-.14992
-;yoX&7
.28495
.4135
;g;;
o
-.00026
- .c0097
-.00208
-.00355
-.0053
-.0186
-.0393
-.0672
-.1014
-.1402
-.1813
0
.om3
.00016
.0Q042
.00083
.wY26
.ch)574
,01346
.02596
.04482
.oT175
.1090
)
.0005Tk
.001452
.002319
.003090
.003675
.004301
.002632
.000512
.0004s6
.000573
.010257
4
.80
1.00
1..50
2.00
2.50
,89s4
.9391
.8625
.8u0
.85G
.7191
.8607
-.2178
-’.2798
.1578
.2665
.021912
.0591665
1.3512
1.82!23
2.0913
-,4400
-.5740
-.4547
.k996
.77185
1.218
-.001739
.,062784
.0%)049
6
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Figure 1.- Oscillatory lift functions due to pitching velocity for airfoil
rotating about its leading edge. M = ().7.
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Flgure 2.- plOt Of fq(k).
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Fi@.u’e3.- Comparison of indicial lift functions due to a
in pitching velocity for an atifoil rotating about its
at M= Oand M= O.’j’.
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Figure4.-Comparisonof indicialiftfunctionsdueto a suddenchange
inangleofattack(withoutpitchingmotion)at M = O, M = 0.7,and
M = 0.8.
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Figure 5.- Oscillatory moment function due to pitching velocity for an
airfoil pltchlng about its leading edge at M = 0.7. (Momnttaken
aboutquarter-chord~int.)
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F@re 6.-Plot of mq(k).
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Figure 7.- cOlllp~iSOn Of indicialmoment~CljiOM dueto a Bwen ~x
inpitchingvelocityforartairfoilrotatingaboutitsleadingedge
at M* Oand M=O.7. (Moment taken about quarter-chofi ~tit.)
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Figure 8.- Comparison of indicial moment functions due to a sudden change
in angle of attack (no pitchtig motion) at M = O, M = 0.7, and
M= 0.8. (Mo~nt taken abowt quarter-chordpoint.)
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‘ Figure 9.-Comparisonor“indicialliftfunctionsduetoa
inpitchingvelocltyforanairfoilrotatingaboutits
chordpointat ~ = O, M = 0.7,and M = 0.8.
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Figure 10.- Comparison of indicial ~msnt function6 due to a sudden change
in pitching velocity for an airfoil rotating about its three-quarter-
chord pint of M . 0, M . 0.7,and M = 0.8. (Momentaken abut
@xarter-chordpint. )
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